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Abstract 
With the rapid increase of the private cars, urban road congestion is getting worse. As known, when the downstream section is 
free flow, the congestion for every bottleneck section starts from the bottleneck cell, and then gradually propagates towards its 
upstream. Many studies about bottlenecks are based on the assumption that the downstream of each bottleneck is free flow. In 
this paper, we have investigated ramp systems with the congested downstream. Based on the cell transmission model, a tri-cell 
ramp system with two bottlenecks is used as an example to explore what the convergence state of the bottleneck section is under 
the congested downstream section. Three cases have been studied: free-flow downstream, middle-state downstream, and the most 
congested downstream, and the different convergence states. The results show that 1) if the downstream of the bottleneck is the 
most congested, the upstream bottleneck section converges to the most congested state no matter what the initial state is; 2) if the 
downstream is congested, the upstream section converges to congested states, and the degree of congestion in the upstream 
section increases with; 3) the larger the density in the congested downstream is, the more congested the final state of the ramp 
system is. 
 
© 2014 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of Beijing Jiaotong University (BJU), Systems Engineering Society of China (SESC). 
Keywords: Bottleneck; Cell transmission model; Congestion; Convergence state; Stationary demand. 
 
* Corresponding author. Tel.: +86-10-5168-4265; Fax: +86-10-5168-4240.  
E-mail address: xmzhao@bjtu.edu.cn   
© 2014 Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
Peer-review under responsibility of Beijing Jiaotong University(BJU), Systems Engineering Society of China (SESC).
260   Nan Geng et al. /  Procedia - Social and Behavioral Sciences  138 ( 2014 )  259 – 268 
1. Introduction 
Recently, private cars increase rapidly and urban road congestion is getting worse. Congestion wastes travelers' 
travel cost, leads to an increase of traffic accidents, exhaust of emissions and energy consumption. For example, the 
cost of congestion in Beijing increased from 12,557 million in 2005 to 105,600 million in 2011. In 2011 there were 
210,812 traffic accidents causing that a total of 62,387 people were killed in China. The carbon dioxide emission of 
transportation in China increased at an average annual growth rate of 15.6%. Therefore, how to alleviate urban 
traffic congestion has become an important issue for urban traffic. 
As a typical bottleneck in traffic system, the ramp system always causes congestion. Thus, ramp control has 
become one of the most effective methods to alleviate congestion in urban traffic. Li et al. (2012) analysed the 
characteristics of traffic congestion, then put forward the idea of flexible capacity and solved the problem of its 
reasonable allocation for ramp coordinated metering, and finally evaluated the efficiency and the equity of the 
flexible capacity by modifying the length of control cycle. A nonlinear model-predictive hierarchical control 
approach for coordinated ramps of freeway network was presented by Papamichail et al. (2010), and the results 
showed that metering of all on-ramps with sufficient ramp storage space might optimize the utilization of the 
available infrastructure. Bhouri et al. (2013) proposed a coordinated control strategy based on heuristic algorithm, 
and pointed out that the coordinated strategy was more efficient than the isolated strategy in terms of the reliability 
of travel time. A speed control of entrance ramp was presented by Liu et al. (2011). This method can reduce the 
network, ramp average delay and the average parking times, and improve the main downstream average speed. 
Yang et al. (2008) also proposed a ramp control method which can shift the control from the entrance ramp to the 
side-road and its nearby intersection. The method can simplify the complexity of the coordinated strategy, and it is 
more suitable to control urban expressway in China. 
To understand congestion mechanism of ramp system and design the effective control method, many traffic flow 
models have been developed. Among them, Daganzo (1994) have proposed a macroscopic traffic flow model—Cell 
Transmission Model (CTM), where a freeway is divided into lots of cells, and in each cell the vehicle number, the 
inflow and outflow rate are used to describe the discipline of traffic flow. CTM is widely used and extended to 
analyse a variety of traffic problems, due to its very low computation memory requirements, easily extending to 
networks, and its capability of applying to issues of traffic assignment, signalized intersections, and ramp metering, 
e.g. a switching-mode model (Muñoz et al. 2003), a variable cell transmission model (Hu et al., 2010), and a 
stochastic cell transmission model (Sumalee et al., 2011) etc. Also CTM and its extended models have been applied 
to real traffic issues, e.g. the recovery time of traffic accidents (Ji et al., 2009), dynamic traffic around the 
bottlenecks (Chen et al., 2010), the evolution mechanism of regional traffic congestion (Dong et al., 2012) and the 
influence of variable speed limit on bottleneck capacity (Hadiuzzaman and Qiu, 2013), and estimation of the travel 
time and evaluation of the reliability (Sumalee et al., 2013) etc. Traffic congestion in ramp system is a major 
concern in urban traffic. Gomes and Horowite (2006) used asymmetric cell transmission model (ACTM) to optimize 
freeway ramp, and the results showed that the queue delay could be reduced about 17.3%. Furthermore, by using 
nonlinear dynamic method, they studied the characteristics of convergence equilibrium in the CTM under a 
stationary demand, and then applied these findings in the issue of ramp metering. Gomes et al. (2008) theoretically 
proved that under feasible demand the equilibrium states might be far away different (e.g. uncongested, or congested, 
or others), although the final equilibrium flows are the same. And then they proposed ramp metering methods under 
the infeasible demand to alleviate traffic congestion. 
Gomes et al. (2008) theoretically proved that under feasible demand the final equilibrium flows are the same. The 
ramp system is divided into several bottleneck sections according to the location of bottlenecks, and in every 
bottleneck section congestion starts in the bottleneck cell, and then gradually propagates towards the upstream if the 
downstream section is free flow. But there are no studies on what the convergence state of the bottleneck section is 
if the downstream of the bottleneck section is congested. In this paper, a tri-cell ramp system with two bottlenecks is 
used as an example to explore what the convergence state is if the downstream is congested. 
This paper briefly describes a ternary-cell ramp system, the CTM and its convergent characteristics in section 2. 
Then in section 3, simulation on the tri-cell ramp system could tell the influence of the congested downstream. 
Finally, conclusion is summarized in section 4. 
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2. Ramp system and its CTM’s convergence properties 
2.1. Ramp system and its CTM model 
Consider a ramp system, as shown in Fig. 1. The system contains N cells, and each cell has one on-ramp, or one 
off-ramp, or both. Vehicles move from left to right. Assume that the downstream of cell 0 is always in free flow, and 
the system has an inflow rate Nr . 
 
0
0r 0s
0f
i+1 iN-1
Nr Nf i-1i
f1if 
ir is1Nr  1Ns 
 
Fig. 1. The sketch of the ramp system.  Each cell has one on-ramp or one off-ramp or both. Vehicles move from left to right. 
 
The basic idea of CTM is to describe the relationship between the number of vehicles, the inflow and the outflow 
rate of each cell, according to the fundamental diagram. Here the triangle fundamental diagram is used as shown in 
Fig. 2. The left part is the free-flow branch, while the right is the congested branch. Thus the maximum flow can be 
given as follows,  
  max c cfq v n w n n                                                                    (1) 
0 ncn
maxq
q
n
fv w  
Fig. 2.The triangle fundamental diagram. 
 
where, maxq is the maximum flow; fv is the free-flow speed; w is the congestion wave speed; cn is the critical density; 
and n is the jam density. 
Off-ramp flows are modelled as a split ratio  i kE of the total flow leaving the cell for each time k, 
 
        i i i is k k s k f kE                                                            (2) 
 
Assume a constant split ratio iE , and define 1i iE E  . The CTM model can be formulated as follows, 
 
         11 / , 0 1i i i i i in k n k f k f k r k i NE      d d                                         (3) 
 
        > @^ `1 1 1min , , , 0i i i i i i i i if k f k v n k w n n k F i NE      d dn                                 (4) 
 
      ^ `0 0 0 0 0 0min ,f k f k v n k FE  n                                                         (5) 
 
       1N N N Nn k n k f k r k                                                                (6) 
 
where,  if k is the flow rate from cell i to i-1 at time k;  ir k and  is k are the on-ramp and the off-ramp flow rate in 
cell i at time k;  in k is the number of vehicles in cell i at time k; and iF  is the capacity. 
 if k is governed by three items.     i i iv n kE is the number of vehicles can move from cell i to i-1 in time k;  > @1 1 1i i iw n n k   is vehicles’ number possibly accepted by cell i-1; and iF  is the capacity of cell i. 
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2.2.  Convergence properties of the CTM 
As Gomes et al. (2008) studied, under stationary demands for the ramp system with N cells (shown in Fig. 1), the 
convergence states are different as the system starting from different initial states. Assume a stationary demand, 
  , 0,1,...,i ir k r i N{   and consider that each on-ramp demand vector 0 1( , , ...,r r r  )Nr  can induce a unique equilibrium 
flow vector    0 1, , ..., Nr f f f f  as follows, 
 
N Nf r ,                                                                                   (7) 
 
 1 , 0 1i i i if f r i NE   d d  .                                                                  (8) 
 
Definition 1. A demand r is said to be feasible if  0 0,1, ...,i if F i Nd d  , and it is strictly feasible if 
 0 0,1, ...,i if F i Nd   .  
If the constant trajectory  k {n n is a solution of the CTM, the state n is an equilibrium solution for a feasible 
demand r. The equilibrium n is said to be uncongested if all cells are uncongested ( , 0,1,..., 1)ci in n i Nd   , otherwise 
it is congested ( , 0,1,..., 1)ci in n i N!   . 
Definition 2. Cell i is a bottleneck cell for demand r (or induced flow f) if i if F .  
Suppose there are 0K t  bottleneck cells at 1 20 ... 1KI I I Nd    d  . Partition the system into K+1 segments 
0 , ..., KS S comprising contiguous sections as follows,  
 
^ ` ^ ` ^ `0 11 1 20, ..., 1 , , ..., 1 , ..., , ..., 1K KS I S I I S I N      .                                       (9) 
 
If there are no bottleneck sections, K=0, I1=N, and S0= {0,..., N-1} is the entire freeway. On the other hand, if the 
most downstream section is congested, I1=0, and S0 is the empty segment. It means that every bottleneck section has 
and only has a downstream bottleneck cell except the section S0. 
Theorem 1. Let r be a feasible demand. If r is strictly feasible, every cell has a unique uncongested 
equilibrium   1 1, 1uj j j j i in v f I j IE   d d  , and also has a unique most congested equilibrium 
 1 1 1 1, 1con cj j j j j i in n w F f I j I      d d  . According to Definition 2, partition the system into different bottleneck 
sections as shown in Fig. 3, then the convergence set of different initial states between two adjacent cells in one 
bottleneck section is the union connected line segments as shown in Fig. 4.  
 
1N
0SiSKS
iIj1j 1 1iI  
N m KI j iI1 1iI   n 01 1I 
 
Fig. 3. The ramp system with redistricted sections according to the bottleneck definition. There are K ≥ 0 bottleneck cells at 0 ≤ I1 
<…< Ii <…< IK ≤ N-1, then partition the system into K+1 segments. Section Si only has one bottleneck cell Ii if iĮ0 and others are 
non-bottleneck cells. 
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Fig. 4. Possible convergence states between two adjacent cells in one bottleneck section (Gomes et al., 2008). 
 
In Fig. 4, the possible convergent set is composed of two parts, 1( , )u con uj j j jn n n n d d and ( ,conjn  1 1 1 )u conj j jn n n  d d . The 
former means that the downstream cell appears congestion gradually and the upstream is uncongested. The latter 
means that congestion on downstream propagates towards the upstream and both cells are congested. 
Definition3. For a constant feasible demand r, if the initial states are given as, 
1)  0 , 0ˆ 1i N d d 0n , then  ˆ , 0k k tn is the trajectory starting with the empty system,  
2)  0 , 0 1i N d d n n , then   , 0k k tn is the trajectory starting with the completely jammed system,  
3)   ^ `0 | 0 , 0 1
i i
n n n i N  d d d d ¦n , then   , 0k k tn is a trajectory starting in any state.  
Corollary 1. 
a) Every trajectory lies between  ^ `ˆ kn and  ^ `kn , i.e.      ˆ ,k k kd dn n n 0k t .  
b) The trajectory starting with the empty system converges to the uncongested equilibrium un , i.e.  ˆlim
k
k
of
 un n . 
c) The trajectory starting with the completely jammed system converges to the most congested equilibrium conn , 
i.e.  lim
k
k
of
 conn n .  
 
3. A tri-cell ramp system and its convergence states under the congested downstream 
Theorem 1 gives the convergence states of two adjacent cells in the same bottleneck, but there is a premise that 
the downstream of each bottleneck section is free flow. In practice the downstream may be congestion. So what's the 
convergence state of the bottleneck section under a congested downstream?  
3.1.  A tri-cell ramp system 
Consider a tri-cell ramp system, as shown in Fig. 5. The system contains three cells (the upstream cell 2, the 
middle cell 1 and the downstream cell 0), and each cell has one on-ramp or one off-ramp or both. Vehicles move 
from left to right. Assume that the downstream of cell 0 is always in free flow, and the system has an inflow rate  3r . 
 
2 1
2r
3r
1r 1s2s
1f2f3f
0
0r 0s
0f
 
Fig. 5. The sketch of the tri-cell ramp system. Each cell has one on-ramp or one off-ramp or both. Vehicles move from left to 
right. 
 
In this paper we study what the convergence state of the bottleneck section is if the downstream of the bottleneck 
is congested. Let the cell 0 and cell 1 are bottlenecks and cell 2 is not a bottleneck. Then the system has two 
bottleneck sections according to Definition 2. Cell 0 is a bottleneck, and then it converges to a state between the 
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uncongested and the most congested states which are more general downstream states to the upstream bottleneck 
section cell 1 and cell 2. 
3.2.  Analysis of convergence states  
Fig. 6 is a freeway with three cells, each one mile long. Parameters are given as follows, the critical 
densities 0 120 /cn veh mile , 1 2 100 /c cn n veh mile  , the jam densities 0 1 2480 / ,n veh mile n n    400 /veh mile  , 
the free flow speed 60 /v mile h , and the congestion wave speed 20 /w mile h . 
Suppose the demand vector  3 2 1 03600, 1800, 2400, 1200r r r r     r , all in vehicles per hour (veh/h). 
The upstream flow 3 3 2 2 1 13600 / , 4800 / 6000 / , 6000r f veh h f veh h F veh h f F        /veh h  and 
0 0 7200 /f F veh h  . Thus the downstream cell 0 and cell 1 are two bottlenecks. 2 1 / 9,E    
2 1 18 / 9; 1/ 6, 5 / 6E E E   . Here the uncongested equilibrium is  80,100,120un  , and the most congested 
equilibrium is  220,160,180conn  . The fundamental diagram and equilibrium flow are shown in Fig. 7. 
 
2 1
2 =1800r
3 =3600r
1=2400r 1=1200s2 =600s
1=6000f2 =4800f
0
0 =1200r 0 =0s
0 =7200f
 
Fig. 6. A tri-cell system and related parameters. 
6000
7200
4800
3600
80 220 100 160 120 180 0n1n2n 400 400 480
flow
density
 
Fig. 7. Equilibrium flows and fundamental diagram. Thick solid green lines are the convergence set. The figures from left to right 
are for cell 2, cell 1 and cell 0. 
 
In order to explore the influence of the downstream on the bottleneck section, we divide the system into three 
cases as follows: 1) free-flow downstream; 2) most congested downstream; 3) middle-state downstream. 
Case 1. Free-flow downstream.  This case is equivalent to that in Fig. 4. When the density of the downstream cell 
0 is an empty system, it will converge to the uncongested equilibrium according to Corollary 1. Fig. 8 shows the 
convergence states of cell 1 and cell 2 when the density in the downstream cell 0 is empty.  
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Fig. 8. Equilibrium set and orbits of different initial states. The density in the downstream cell 0 is empty, an uncongested state. 
The green heavy lines are the convergence sets. The blue heavy lines divide the equilibrium set into different parts. 
 
Fig. 8 shows that when the downstream cell 0 is free flow, the congestion of the upstream bottleneck section 
starts from the downstream firstly, and then propagates backwards to the upstream with the increasing density of 
initial states, and finally the upstream cell also becomes congested, as expected by Theorem 1. The density space is 
divided into different zones in Fig. 8, according to convergence sets. The system can converge to the uncongested 
state when the initial states of cell 1 and cell 2 in zone ĉ; and in zone Ċ, the system converges to a state which cell 
1 is congested and cell 2 is uncongested; and in zones ċ and Č the two cells are both congested, but in zone Č the 
system is the most congested. 
Case 2. Most congested downstream. Fig. 9 shows the convergence states of the upstream bottleneck section 
when the initial state of cell 0 is the most congested. Both two upstream cells converge to the most congested 
equilibrium (160, 220) no matter what the initial states of cell 1 and cell 2 are.  
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Fig. 9. Equilibrium set and orbits of different initial states. The initial state of the downstream cell 0 is 480, the most congested 
state. 
 
Case 3. Middle-state downstream. Fig. 10 considers what the convergence state of the upstream bottleneck 
section is if the downstream state is between the uncongested and the most congested states.  Consider two initial 
states of the downstream cell 0, 340 and 380 (as shown in Fig. 10). 
 
266   Nan Geng et al. /  Procedia - Social and Behavioral Sciences  138 ( 2014 )  259 – 268 
0 50 100 150 200 250 300 350 400
0
50
100
150
200
250
300
350
400
density in cell 1
de
ns
ity
 in
 c
el
l 2 ncon=(160,220)
(120.89,80)
a)
Ċ
ċ
ċ
Č
Č
0 50 100 150 200 250 300 350 400
0
50
100
150
200
250
300
350
400
density in cell 1
de
ns
ity
 in
 c
el
l 2
(160,90)
ncon=(160,220)
b)
ċ
Č
Č  
Fig. 10. Equilibrium set and orbits of different initial states. Two initial states between the uncongested and the most congested 
states: a) The initial state of the downstream cell 0 is 340; b) the initial state of the downstream cell 0 is 380. The green heavy 
lines are the convergence sets. The blue heavy lines divide the equilibrium set into different sections. 
 
When the downstream state is between the uncongested and the most congested, the convergence equilibriums of 
upstream bottleneck sections are different from those in Fig. 4. In Fig. 10 a) the inferior boundaries of the 
convergence sets shift from the uncongested state (100, 80) to a congested state (120.89, 80), compared with Fig. 4. 
And in Fig. 10 b) the inferior boundary of the convergence sets is (160, 90), which is larger than the results in Fig. 4 
and Fig. 10 a). This suggests that the system can never converge to the uncongested state. The larger the density in 
the congested cell 0 is, the more congested the inferior boundaries of the convergence sets are.  
Also in Fig. 10, in zone Ċ, the system converges to a state which cell 1 is congested and cell 2 is uncongested; 
and in zones ċ and Č the two cells will both congested, but in zone Č the system is the most congested. Compared 
the results with those in Fig. 8, section I disappears, and zone Č becomes larger. 
 
4. Conclusion 
Bottlenecks in previous studies always have a free flow downstream. However, many bottlenecks’ downstream is 
a crowded state, which is seldom seen in the previous studies. Therefore, in this paper a tri-cell ramp system is used 
as an example to study ramp systems with a downstream of any uncongested or congested state. Then the cell 
transmission model is used to analyze three cases under different downstream states: free-flow downstream, middle-
state downstream, and the most congested downstream, and the different evolution results of the upstream 
bottleneck sections under different initial states are obtained in the paper. 
According to the analysis, it is concluded as follows, 
1. When the downstream of each bottleneck is free flow, the convergence state of a bottleneck section is not 
influenced by the downstream. The upstream section can converge to the uncongested, the most congested and other 
state between the two special states, as expected by Theorem 1. 
2. The bottleneck section converge to the most congested state no matter what the initial state is when the 
downstream of the bottleneck is the most congested.  
3. The upstream bottleneck section will converge to different congested states when the downstream is a 
congested state between the uncongested and the most congested states, and the congestion of the upstream 
bottleneck becomes more and more congested with the increase of the downstream density. 
Through the analysis, we have a further understand of the phenomenon of the generation and transmission of the 
traffic congestion of the bottleneck section, then can provide a more powerful safeguard for the research of on-ramp 
control strategies. 
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